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A Finite Element Procedure for Large Deflection
Analysis of Plates with Initial Deflections

T. Y. YANG*
Purdue University, Lafayette, Ind.

The concepts of the matrix displacement approach to finite element structural analysis are
extended to analyze the large deflection behavior of plates with initial deflections. The initial
deflections are considered to be of the order of magnitude of the plate thickness. The large
deflection phenomena are accounted for by considering the influence of the element mem-
brane forces due to initial deflection and large bending on element flexure stiffness matrices.
The effects of element membrane forces due to initial deflection and large bending are charac-
terized in the nonlinear stiffness formulations by the zero, first, and second order incremental
stiffness matrices. Representations of the nonlinear effects are formulated for a conforming
rectangular plate finite element. The formulations are appropriate for both the iterative and
incremental approaches. Large deflection behaviors are predicted for rectangular plates with
different length-width ratios and various boundary conditions. Comparisons with some
available alternative analytic solutions are provided. Examples are performed by a piecewise
linear incremental approach. A reduction scheme which removes certain degrees of freedom
from the problem statement is incorporated into the numerical procedure.

Nomenclature

A,B = length and width of a rectangular plate, respec-
tively

c = size of the first load increment
D = flexural rigidity of a plate
E ' = modulus of elasticity
h = plate thickness
i = incremental step number
[k] = element linear stiffness matrix
[wo],[ni],[n2] = zero> first> an(* second order element incremental

stiffness matrix, respectively
p = uniformly distributed lateral load
{ p } = vector of element nodal loads
{ Q.O } y {<?) = the vectors of element initial nodal displacements

and net nodal displacements, respectively
r = geometric constant shown in Eq. (24)
U = strain energy of a plate element
w0,w = initial and net deflection of a plate element
w0,w = initial and net deflection of the whole plate
W0 = maximum initial deflection of the whole plate
5 = variational operator
A = incremental operator
v = Poisson's ratio
{ } = column vector
I J = row vector
[ ] = rectangular matrix

I. Introduction

IF the deflection of a plate is of the order of magnitude of its
thickness but is still small relative to other dimensions, the

analysis of the problem should include the strain of the middle
plane of the plate. Classical formulation of this problem
leads to a set of nonlinear partial differential equations which
are characterized by the coupling of the dependent variables
describing the membrane and bending behavior of the plate.
These equations are difficult to solve.

In many technical fields of aircraft construction, shipbuild-
ing, and instrument manufacturing, plates are finding use with
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large deflections. During the fabricating process, the plates
usually inherit initial curvatures. The analyses are more
complicated than those for ideally flat plates.

An alternative approach to such problems is now available
in the form of the finite element method. This method
formulates the problem in matrix form and achieves the nu-
merical solutions without directly solving the differential
equations.

The objective here is to develop the nonlinear stiffness ma-
trix formulations which are appropriate for large deflection
analysis of plates with initial deflections. The initial deflec-
tions are considered to be of the order of magnitude of the
plate thickness. The effects due to initial deflection and
large bending on the nonlinear stiffness formulations are char-
acterized by the zero, first, and second order incremental stiff-
ness matrices. Representations of the nonlinear effects are
formulated for a conforming rectangular plate finite element
appropriate for both the iterative and incremental approaches.
The formulations are developed on the basis of the von Kar-
man's assumptions of large deflection of plate and by the
method of minimizing potential energy. The use of the prin-
ciple of minimum potential energy to formulate the incre-
mental stiffness matrix has been given in Ref. 1.

Illustrative examples are performed by a step-by-step linear
incremental procedure. This procedure was introduced in
Ref. 2 and discussed extensively in Ref. 3. The examples in-
clude initially deflected rectangular plates with different
length-width ratios and various boundary conditions, i.e., all
edges simply supported, all edges clamped, two opposite edges
simply supported and the other two clamped. The loads are
uniformly distributed for all cases. For the case of zero
initial deflection, the results are compared with available
alternative solutions4"8 and excellent agreements are found.
For plates with initial deflections, an approximate solution is
available for a simple supported long rectangular plate.8 The
solution provides convincing evaluation for the present formu-
lations and results.

II. Formulation

Variational Equation of Equilibrium

The total potential energy II of a deformed plate with initial
deflection of the order of magnitude of thickness and with the



AUGUST 1971 LARGE DEFLECTION ANALYSIS OF PLATES 1469

same order additional bending deflection, is defined as

n = u - w (i)
where U is the potential energy of deformation and W is the
potential energy of external loading.

The state of equilibrium of a deformed plate can be charac-
terized as that for which the first variation of the total poten-
tial energy of the system is equal to zero,

- 8W = o
or

dU = 5W

(2)

(3)

If the functions for U and W are formed, the equation of
equilibrium can be obtained by executing the variation as
indicated by Eq. (3).

The potential energy of the external load is

W = (4)

in which the repeated indices imply summation, pi is the ex-
ternal load, and g* is the displacement.

The potential energy of deformation for a plate element
with large deflection written in terms of the deflection and the
strain of the middle surface is7'9

U =

in which

- 2(1 - ?

= e*

(5a)

(5b)

In Eq. (5b), the middle surface strains ex, ey, and exy are
(from p. 14 of Ref. 8)

(6)
Xbv/bs)

Corresponding to the middle surface strains, the middle
surface stresses <rx, <ry, and <rxy are

(7)

By substituting Eq. (6) into Eqs. (5a) and (5b), the follow-
ing energy expression is obtained

U = Uk + UQ + U, + U, 8a)
where

fdu cH>\2

\dx by)
on _ ^\ I"d2w d2w ( d2w \
2(1 p)[ww~ \^y)

12 du
W dx

9(1 ° o o2(1 " ~ /0 v(8c)

6D *I
ba; (8d)

dxdy

(8e)
The zero- and first-order displacement derivative terms, such
as ^(&w0foxy, --du/dx(dw0/dx)2 . . .etc., do not contribute to
the stiffness matrices. Therefore, they are neglected from
the above energy expression. Note that the derivatives of
initial deflection w0 (constant slopes) are zero-order terms.

Element Equilibrium Equation

If the displacement functions u, v, and w for a plate finite
element are appropriately chosen, the potential energy of
deformation for this element can be obtained in a matrix form
by substituting the displacement functions into Eqs. (8) . The
displacement function for initial deflection w0 is the same as
the displacement function w except that the nodal degrees of
freedom in the former are prescribed as constants in accord-
ance with the initial shape of the plate. The strain energy
function thus obtained will be in the form

U = qo\(n*]{q
q0} (9)

The coefficients in each of the above matrices can be ob-
tained by performing the second partial differentiations of the
proper component of strain energy with respect to the associ-
ated nodal displacements. For example, the coefficients in
the ith row andjth column of the above matrices are obtained
by

(10)

The potential energy of external loading expressed by Eq.
(4) can now be written in a matrix form

W = [p\{q\ (U)

where [p\ is the row vector of external loads.
The element equilibrium equation can be obtained by

executing the first variation of Eqs. (9) and (11) and following
the equilibrium condition defined by Eq. (3),

{p} = q0} (12)

It is to be noted that the matrices [no], [tti], and [n2] are re-
spectively the zero, first, and second-order functions of the
gross displacement vector { q + qo } -

Once the gridwork for a plate structure is determined, the
element stiffness formulations of Eq. (12) can be assembled to
form the total system stiffness equation which is represented
by capital letters,

{P} = (13)
This nonlinear stiffness equation is readily applicable for the
direct iterative analysis.

An alternative formulation which is appropriate for a step-
by-step linear incremental procedure can now be obtained by
applying an incremental operator A to Eq. (13). In other
words, replacing the displacements {Q + Q0} by {Q + AQ +
Qo} in Eq. (13), then subtracting the original Eq. (13) from
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P,,w

Fig. 1 Element geometry and joint force and displace-
ment (Mxy and 0xy not shown).

the replaced equation and neglecting the second and third
order terms of incremental degrees of freedom, AQiAQy and
AQiAQjAQk. With the knowledge that [N0], [Ni], and [N2]
are, respectively, the zero-, first-, and second-order functions
of the gross displacement vector {Q + Q0], the incremental
operation of Eq. (13) yields

{AP} = [[K] + [No] + [tfi] + [N2]]{AQ] (14)
This nonlinear matrix equations is now applicable for a

step-by-step linear incremental procedure. The incremental
procedure can be described by

[[K] + [NQ] (15)
In step i + 1, the load increment is to be multiplied by the
inverse of the sum of four stiffness matrices which is based on
the displacement state at the end of step i.

Stiffness Formulation for a Rectangular Element

The nonlinear stiffness formulations for large deflection
analysis of plates with initial curvatures are formulated for a
rectangular plate finite element. The element is shown in
Fig. 1 with six degrees of freedom at each nodal point. These
are: two inplane displacements u and v in x and y directions,
respectively; one transverse deflection w\ two rotations 6X
and By about y and # axes, respectively; and a generalized
twist Qxy.

The u and v displacement functions chosen are the so-called
bilinear or first order Lagrangian interpolation functions which
provide linear representation in the x and y directions. The
w displacement function is obtained from the fourth order
Hermitian polynomial approach. The joint twist derivatives
are adopted as degrees of freedom to assure inclusion of the
strain due to simple twist. The u, v, and w displacement
functions were proposed in Ref. 10. They are symbolized as
follows :

f /."«*+/•"«,+ /4"»« = [f"l{v]

+ /*'"«, + . . . + fa'"0.n = [/'"] [ W

*'

(16)

The basic element linear stiffness matrix [k] obtained as a
consequence of the above assumed displacement functions
have been presented in Ref. 10. When the matrix [k] was
evaluated in Ref. 10 by examples, rapid and monotonic con-
vergence of the results to the analytic solutions with the re-
finement of grid work was indicated. Explicit formulations
for the coefficients in the matrix [k] can be found in Ref. 10.
The element incremental stiffness matrices [n0], Jl^iL and
•£D&2] are derivable from Eq. (10). The matrices %[HI] and
£[w2] can be found in Refs. 11 and 12. Thus the formulations
are not to be repeated here.

III. Reduction Procedure

In view of the expense and limited computer capacity when
applied to large-order (>10Q degrees of freedom) systems, it

is useful to have methods available for the reduction of the
order of such systems prior to the solution of nonlinear matrix
equations. Exact reduction procedure cannot be defined for
the form of equations encountered in the present develop-
ment; the method sought is therefore approximate in form.
A corresponding form of the problem is met in the vibrational
frequency analysis with the use of consistent mass matrices.
Guyan13 presented an approximate method of reducing the
order of the latter. The method was then applied to the
buckling problem to reduce the incremental stiffness matrices
by Gallagher and the author.14 In Ref. 14, the method was
evaluated numerically and shown to be highly accurate.

The removal of certain degrees of freedom from the prob-
lem statement can be regarded as a transformation of co-
ordinates from the complete set of degrees of freedom to the
designated reduced number. This transformation of co-
ordinates is derived from consideration of the linear stiffness
matrix in isolation and it is suitable as an approximate trans-
formation of the incremental stiffness matrix.

Consider first the analysis of a system excluding the non-
linear effects. The formulation is partitioned to distinguish
between the degrees of freedom to be removed (subscript e)
and those to be retained (subscript/). The former are un-
loaded degrees of freedom. Thus,

or
[K]{Q] = {P}

Ke

(17)

Solving for the displacement vector {Qe} in the lower equation
of the partition and insertion of the result in the upper equa-
tion yields

(Kff - = (P, (19)

which can also be written in the form of a conventional trans-
formation of coordinates:

(20)

where [T] is defined by

In accordance with the view advanced above, the nonlinear
formulation with an original form of

[[K] + [N]]{Q\ = {P} (22)

can be transformed into a reduced form as

- [T]*[N][T]]{Qf} = {Pf} (23)

Fig. 2 Maximum deflections of long rectangular plates
with all edges simply supported (y = 0.3, A/B = «>)•
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in which the indicated matrices are partitioned with reference
to the degrees of freedom "e" and "/."

The foregoing places no limitation on the selection of re-
spective groups of degrees of freedom, other than the require-
ment that the system {Qf} correspond to stable support of the
structure if it were to be suppressed. The illustrative exam-
ples of the following section will be performed by the use of
this reduction scheme.

IV. Illustrative Examples

The applicability of the present nonlinear stiffness formu-
lations for a plate finite element with initial deflection to the
prediction of large deflection behavior of plate structures is
demonstrated through a variety of examples.

The examples are performed by a step-by-step linear incre-
mental procedure as described by Eq. (15). The non-dimen-
sionalized loading level at the end of the nih step is suggested
by a geometric series

pB*
Eh*

(24)

According to this equation, each load increment is greater
than the previous one by r times. The load increment at ith
step is specified by cr*"1. For the class of examples examined
in this section, the load-deflection curves show relatively high
rate of change of slope at the beginning stage of loading. The
rate decreases with the increase of loading level. This be-
havior means that smaller load increments are needed at the
begining of loading and gradually larger load increments may
be used at the higher loading levels. Eq. (24) appears to be
one convenient way to suit this need, provided that the geo-
metric constant r is properly chosen. In the following exam-
ples, the values of r are mostly chosen as 1.15 and 1.2.
Rectangular Long Plates

An appropriate basis of comparison for large deflection be-
havior for the initially deflected rectangular plate is the ap-
proximate solution given in Chap. 2 of Ref. 8. VoPmir uses
a single sinusoidal function to represent the deflection shape
of an initially deflected long plate under uniform loads. The
edges are assumed to be simply supported with no inplane
movement. His results for the dimensionless pressure pB*/
Eh* vs maximum deflection wma^./h are shown in Fig. 2 for dif-
ferent values of initial deflections. The initial deflection is
defined by

= W0 sin(7r?//J3) (25)

Fig. 4 Center deflections of rectangular plates with all
edges simply supported (v — 0.316, A/B = 1.5).

In the same reference, an exact solution for the same plate
with no initial deflection given by Bubnov is also provided in
Chap. 2.

Because of the symmetrical nature of the deflection shape,
only a half of a strip across the plate width need be analyzed
in the present finite element method. The half strip is idealized
by 6 elements as shown in Fig. 2. In the incremental proce-
dure, the load increment sizes are suggested by Eq. (24). The
constants c and r are chosen to have the following values: a)
for the cases W0/h = 0 and 0.5, c = 6 and r = 1.15; b) for the
cases W0/h = 1-2, c = 8 and r = 1.15. The results are also
shown in Fig. 2. For the particular case of no initial deflec-
tion (Wo = 0), the present results agree perfectly with the
exact solution but show slight discrepancies from the approxi-
mate solution. For different values of initial deflection, W0
= 0.5/t, h, 1.5h, and 2h, the discrepancies between the present
results and the approximate solutions are consistent with
those found in the case of no initial deflection.

Rectangular Plates with All Edges Simply Supported

For the uniformly loaded rectangular plates with all edges
simply supported and with no inplane movement, two cases
where the length-width ratios equal to 1 and 1.5 are examined.
The initial deflection function is so assumed as to conform to
the boundary conditions,

= W0 sin(iry/B) (26)

Fig. 3 Center deflections of square plates with all edges
simply supported (v = 0.316).

Four cases where W0 have values 0, 0.5/i, h, and 2h are con-
sidered. Sixteen finite elements are used to idealize one
quadrant of the plate (see Fig. 3). The constants c and r used
in the linear incremental procedure are: a) for the case A/B
= 1, 1.5 and W0/h = 0, 0.5, c = 6 and r = 1.15; b) for the
case A/B = 1, 1.5 and W0/h = 1, 2, c = 8 and r = 1.2. ^ The
results for pressure vs center deflections are shown in Figs. 3
and 4. The alternative analytic solution for square plate
with no initial deflection is available in Ref. 4 by Levy. He
employed the double Fourier series to solve the exact govern-
ing equations of the plate by evaluating coefficients. Levy's
solution is also shown in Fig. 3 and appears to be in very good
agreement with the present results. For a rectangular plate
with length-width ratio of 1.5 and with no initial deflection,
the solution is available in Ref. 7 by Berger. He approxi-
mated the plate strain energy equation by neglecting the
second strain invariant, ez = exey — ̂ exy

z. He predicted the
center deflection to a magnitude of 2.3h. His results are also
shown in Fig. 4 and appear to be in good agreement with the
present solution.
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Fig. 5 Center deflections of square plates with all edges
clamped (v = 0.316).

Rectangular Plates with All Edges Clamped

For the uniformly loaded rectangular plate with all edges
clamped with no inplane movement, two cases where the
length-width ratios equal to 1 and 1.5 are examined. The
initial deflection function is so assumed as to conform to the
boundary conditions,

= W0 (27)

Four cases where W0 have values 0, 0.5/&, h and 2h are con-
sidered. The same 16-element grid work is used. The con-
stants c and r chosen for the incremental procedure are: a)
for the case A/B = 1 and W0/h = 0, 0.5, c = 20 and r =
1.15; b) for the case A/B = 1.0 and W0/h = 1, 2, c = 25 and
r = 1.15; c) for the case A/B = 1.5 a,ndW0/h = 0, 0.5, c =
12 and r = 1.15; d) for the case A /B = 1.5 and W0/h = 1, 2,
c = IGandr = 1.2. The results for pressure vs center deflec-
tion are shown in Figs. 5 and 6. The alternative analytic
solutions for the plates with no initial deflection are available
in Refs. 5 and 6. In both references, Levy and Greenman re-
placed the edge bending moment by equivalent pressure dis-
tribution and then applied the general Fourier series solution
for the simply supported plate. Their results for center de-
flection are also shown in Figs. 5 and 6 for comparison. Two
methods show almost identical results.

Fig. 7 Center deflections of square plates with two oppo-
site edges simply supported and the other two clamped

(v = 0.316).

Rectangular Plates with Two Opposite Edges Simply
Supported and the Other Two Clamped

For the uniformly loaded rectangular plate with two oppo-
site edges simply supported and the other two clamped (no
inplane movement), two cases where the ratios of the simply
supported edge length A to clamped edge length B have values
of 1 and 1.5 are examined. The initial deflection function is
so assumed as to conform to the boundary conditions,

= W0 (28)

Four cases where W0 have values 0, 0.5^, h, and 2h are con-
sidered. The 16-element grid work is used. The constants
c and r chosen for the incremental procedure are: a) for the
case A/B = 1 and W0/h = 0, 0.5, c = 12 and r = 1.15; b)
for the case A/B = 1 and.TFoA = 1, 2, c = 16 andr = 1.15;
c) for the case A/B = 1.5 and W0/h = 0, 0.5, c = 6 and r =
1.15; d) for the case A/B = 1.5 and W0/h = 1, 2, c = 8 and
r = 1.2.

The results for center deflection are shown in Figs. 7 and 8.
The alternative analytic solutions for plates with no initial
deflection are available in Ref. 7 by Berger. He approxi-
mated the plate strain energy equation by neglecting the

Fig. 6 Center deflections of rectangular plates with all
edges clamped (i/= 0.316, A/B = 1.5).

Fig. 8 Center deflections of rectangular plates with two
opposite edges simply supported and the other two

clamped v = 0.316, A(S.S.)/B (Clamped) = 1.5).
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second strain invariant. His approximate results are also
shown in Figs. 7 and 8 for comparison. Good agreement is
found.

V. Concluding Remarks

The formulations of nonlinear force-displacement matrix
equations for initially deflected plate finite elements with large
bending have been developed. The equations have been
formulated explicitly for a conforming rectangular plate finite
element, which can be used for either iterative or incremental
approach. The formulations have been coded, on the basis
of a linear incremental procedure, into an existing program
for finite element nonlinear structural analysis, and have been
evaluated through performance of analyses and comparisons
of results with alternative analytic solutions.

It should be expected that the membrane and bending
stresses evaluated by the present method will not be as ac-
curate as the results shown for deflections. For one reason,
these stresses are in terms of the derivatives of deflections.
For the other, the gridwork must be further refined.

To select proper increment sizes is a difficult problem-
Undersized increments are wasteful and oversized increments
are inaccurate. The increment sizes should be based upon
the rate of change of slope of the nonlinear behavior curves.
In the present work, the load increment sizes are suggested by
a geometric series as shown in Eq. (24). In the illustrative
examples, efforts have been made to choose the values of
geometric constant so that the increment sizes can agree with
the rate of change of slope of the curves. In other words, the
increment sizes are enlarged gradually as the rate of change of
slope decreases. To achieve an optimum control of the incre-
ment sizes is a challenging problem which requires more
studies.
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